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3D Transformation (1/1)

The linear 3D transforms are an extension of the 2D
transforms.

— For 2D:
a1 Gz [T _ (an¥ + a2y
a1 Q22| |y 21T + A22Y

— For 3D:

Credit: Fundamentals of Computer Graphics 3™ Edition by Peter Shirley, Steve Marschner | http://www.cs.cornell.edu/courses/cs4620/2019fa/
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3D Scaling (1/1)

S.. 0|
scale($yz,8,,8,) =10 s, O
0O 0 s,
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3D Rotation (1/5)

¥i

e Rotation around axis I
— Counter-clockwise, w.r.t ﬁ” |
rotation axis. @

X axis rotation y axis rotation Z axis rotation

J

I’!
Image Source: https://slideplayer.com/slide/4889962/ x
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3D Rotation (2/5)

cos¢ —sing 0
rotate-z(¢) = |sin g cos¢p O
0 0 1

e =S,
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3D Rotation (3/5)

1 0 0
rotate-x(¢) = |0 cos¢ —sing
0 sing COS @ |

e =S,
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3D Rotation (4/5)

rotate-z(¢) =

rotate-x(¢) =

rotate-y(¢) =

0 0 1

cos¢ —sing 0]
sin @ cosg 0

10 0
0 cos¢ —sing

0 sing COS @ |

[ cos¢ 0 sing]
0 1 0

| —sing 0 coso|
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3D Rotation (5/5)

[COS ¢
rotate-z(¢) = | sin ¢

0

1 0
rotate-x(¢) = [0 cos¢

0 sing

rotate-y(¢) =

- ————

--------

-------------

—sing 0]

cosp 0
0 1

0
—sin @
COS @ |

-------------

1770

* https://robotics.stackexchange.com/questions/10702/rotation-matrix-sign-convention-confusion
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Translation in 2D (1/8)

* Move or Translate to another position.

?

||
||
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Translation in 2D (3/8)

original translation

s

ERSNT

Vv +1

Source: https://www.pling.org.uk/cs/cgv.html

X =x+t,
y'=y+t,

vV =v+t
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Translation in 2D (4/8)

* But, for others cases, i.e. — scaling, rotation, we changed
vectors v using a matrix M.

— In 2D, these transforms have the form: -

miixr +  Mmiay,
mo1x + Mm22ly. vi=Mv

Yy




Translation in 2D (5/8)

 We cannot use such transforms to translate,
only to scale and rotate them.

x! m) + miay, \
Y’ mAIN + mMasy. v v
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Translation in 2D (6/8)

* There is just no way to do that by multiplying (x, y) by a 2 x 2
matrix.
— adding translation to our system of linear transformations:

= mpxr + miay, ,
Yy = moix + maoy. v =Mv
! _
3;'! = T Lt v’ =V + t
y o= Yy + Yt

M. I. Jubair



Translation in 2D (7/8)

* This is perfectly feasible —

original translation scaling rotation

I~

SEh)

| \ ! l |

| b [y |
W]

X 15 9 N _ |cosB —sinB| |x

V! 05| V| sinf cosB| |y

Source: https://www.pling.org.uk/cs/cgv.html
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Translation in 2D (8/8)

* This is perfectly feasible

— But, the rule for composing transformations is not as simple and
clean as with linear transformations.

T=T,.T,..T,.T,

= mpxr + miay, ,
Yy = moaix + maay. vi=Mv
! _
3;'! = T Lt v’ =V + t
y o= Yy + Yt
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Homogeneous Coordinates (1/9)

— Instead, we can use a clever trick to get a single matrix multiplication
to do both.

Yy | = 2x2 Y




Homogeneous Coordinates (2/9)

— Instead, we can use a clever trick to get a single matrix multiplication
to do both.

 The idea is simple: represent the point (x, y) by a 3D vector [x vy
1]7

y |l = 3x3 Y




Homogeneous Coordinates (3/9)

— Instead, we can use a clever trick to get a single matrix multiplication
to do both.

 The idea is simple: represent the point (x, y) by a 3D vector [xy
1]"
* Use 3 x 3 matrices of the form.

€T myp Mo &y T
y' | = |ma1 ma2 Yt v

1 0 0 1 1




Homogeneous Coordinates (4/9)

* This kind of transformation is called an affine transformation.

— this way of implementing affine transformations by adding an extra
dimension is called homogeneous coordinates

€T myp Mo &y T
y' | = |ma1 ma2 Yt v

1 0 0 1 1




Homogeneous Coordinates (5/9)

| [min omie | [o
?J’ = [MM21 M2 Yt Y
I 1 ) I 0 0 1 ) _1_



Homogeneous Coordinates (6/9)

 Translation:

2] [ 1 o wm]| [z
y'| =10 1 Ye | 1Y
_1_ I 0 0 1_ _1_



Homogeneous Coordinates (7/9)

e Scaling:
| [s o ol |z
y| =10 S, 0f |y
_1_ I 0 0 1_ _1_




Homogeneous Coordinates (8/9)

 Rotation:
-.CU,- -coscb —sin ¢ 0 ;- -.CC-
y, — | sind cosd O Y
1 0 0 1 1




3D Transformation with Homogeneous Coordinates

(1/1)

H-—-,

-fff'.-11 12 (113 ﬂlfl- |
Y | @21 G2z Q23 Qg | | Y
2’ (31 Qzz (33 434 Z
1 0 0 0 1 [[1




2D/ 3D Transformations (1/3)

2D

sin(@z) cos(@z) O
0 0 0
0

cos(@z) —sin(@z) 0
RotZ =
0 0

3D
, A (100 p- [ 2]
x 1 0 Te| | T '
y' 0 1 wl |y yI_1010aq] 1y
1 0 0 1] |1 2 001~ 2
i 1 | q 0001 | 1 1 |
(2] [p0O0O0] [a]
x S 0 0
y 0o s, ol ly y 1 _10g00) 1y
1 0 6 1 z’ 0 D r (0 =z
|1 0001) 1)
B 0 0 0]
_ |0 cos(0x) -—sin(6x) 0
L 0 sin(@x) cos(0x) O
L0 0 0 1 Bl
|:$!] cosdp —sing O] |:ZE —COS(O}-‘) 0 Siﬂ(@}-‘) 0]
Y g cosgp O | Y Ratv= | B B
—sin(@y) 0 cos(@y) 0
1 0 0 1 1 0 0 0 1|

-0 00O
S g )
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Inverse Transformations (1/2)

T T-1
(2] [100p] [x] [z] [L0O0 —p] [a']
y|_|010gq| |y ly|_[010—q| |¥
2 001 ¢ z z 001 —r 2!
1] |ooo1] |1 1] looo 1] |1
(2] [p00O0] [ {:ﬂ [1/}3 0 0 0] PW
y !l _10g00| 1y yl_| 0 Lfjg 0 0 Iy
21 loorol|zl 1217 0 o 1/r 0 2
1] Jooo01] [1] 1] o o o 1)|1]
1 0 0 0]
_ |0 cos(@x) -sin(0x) 0
Rovk:= 0 sin(@x) cos(@x) O
10 0 0 1.
[ cos(@y) 0 sin(@y) 0]
= 0 1 0 0
RotY.= -sin(@y) 0 cos(@y) © ?
0 0 0 1.
[cos(@z) =-sin{@z) 0 0]
_ |sin(@z) cos(0z) 0 O
Boke.m 0 0 00
0 0 D 1




Inverse Transformations (2/2)

Transformation

Inverse Transformation

T (tx, ty, tz)

T1=T(-tx, -ty, -tz)

S (sx, sy, sz)

S1=S(1/sx, 1/sy, 1/sz)

Rx(d)

Ry(d)
Rz(d)

R1=R(-d) = R"
Rx1=Rx'T
Ryl =RyT
Rz1=RzT

Task: take any transformation matrix (i.e. scaling
matrix S) with numerical values, do the matrix
inversion and see if it becomes S

M. I. Jubair
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Practice Problem -1

e Scale w.r.t the center

initial scale w.r.t origin

scale w.r.t center



Practice Problem — 1 (Sol.)

e Scale w.r.t the center




Practice Problem — 1 (Sol.)

e Scale w.r.t the center




Practice Problem — 1 (Sol.)

e Scale w.r.t the center

___________




Practice Problem — 1 (Sol.)

e Scale w.r.t the center

____________________




Practice Problem -2

 We need to rotate a pyramid P about point (5, 5) by 90°. You have to —
— Mention the steps to perform the task.
— Determine the composite transformation matrix M.
— Multiply M with P and determine the new coordinates P’.
— Plot P and P’ on the same axis to show the rotation.

(10,15)

(5,5) (15,5)




Additional Reading

— 3D Shearing

— 3D reflection

— Rigid-body transforms

— Windowing transformations



Exercises

e Exercisel—-6,8 and 9



